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Satellite Collision Probability for Nonlinear Relative Motion

Russell P. Patera*
The Aerospace Corporation, Los Angeles, California 90009-2957

A methodfor calculating the collision probability between two space vehicles when the relative motionis nonlinear
is developed using contour integration methodology. The method involves transforming the problem to a scaled
frame in which the error covariance matrix is symmetric in three dimensions. This enables the calculation of
probability increments as a function of time throughout the encounter. Thus, changes in space vehicle position,
velocity, and error covariance matrices throughout the encounter can be included in the formulation. This method
is applicable to low-velocity space vehicle encounters that involve nonlinear relative motion. A software tool was
created and exercised with both hypothetical and actual satellite data to demonstrate the method. Results differed
from those of a Monte Carlo simulation by only 2%. Only 6% error resulted for a stress case in which the exact

solution was known.

Nomenclature

covariance matrices in local frame

combined covariance in inertial frame

combined covariance in diagonal frame

contour integration angle

point in hard-body volume

local-to-inertialtransformation

incremental collision probability

collision probability rate

cumulative collision probability

inertial-to-diagonaltransformation matrix

radial cylindrical coordinate

diagonal-to-scaledframe transformation matrix

transformation matrix for local to encounter frame

relative velocity vector

relative velocity in the scaled frame

velocity in the z direction

= transformation matrix from
scaled-to-encounterframe

= relative position

; point on hard-body area perimeter

relative position in scaled frame

axial cylindrical coordinate

standard deviations of error covariance for each

axis in diagonal frame
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Introduction

ATELLITE collision probability depends on the trajectory,

hard-body size, and error covariance matrix of the respective
satellites.In computingcollisionprobability vehiclestate vectors are
used to propagate the vehicles to points near their closest approach
distance. Three-dimensional position error covariance matrices de-
fine the position uncertainty for each vehicle. If the uncertainties
are uncorrelated, as is usually the case, the error covariances are
added to obtain the relative position error.! The collision encounter
region can be defined by the position-errorprobability density asso-
ciated with the combined position-errorcovariance matrix. Surfaces
of constantprobability density are ellipsoidalin shape. Because the

Presented as Paper 2002-4632 at the AIAA/ASS Astrodynamics Spe-
cialist Conference, Monterey, CA, 5-8 August 2002; received 7 November
2002; revision received 21 April 2003; accepted for publication 15 May
2003. Copyright © 2003 by Russell P. Patera. Published by the American
Institute of Aeronautics and Astronautics, Inc., with permission. Copies of
this paper may be made for personal or internal use, on condition that the
copier pay the $10.00 per-copy fee to the Copyright Clearance Center, Inc.,
222 Rosewood Drive, Danvers, MA 01923; include the code 0731-509003
$10.00 in correspondence with the CCC.

*Senior Engineering Specialist, P.O. Box 92957.

728

surface associated with three standard deviations enclosed nearly
all of the probability density, the encounter region can be defined
by the three-sigma position-error ellipsoid illustrated in the upper
portion of Fig. 1.

The collision probability is obtained by integrating the relative
position probability density over the volume swept out by the com-
bined hard body during the encounter. Near the encounter region
orbital perturbations produce negligiblerelative acceleration. Thus,
the relative velocity is essentially constantthroughoutthe encounter
as illustratedin the upper portion of Fig. 1. In addition, because we
account for three standard deviations in the encounter region the
integral can be extended from minus infinity to plus infinity without
introducing error greater than 0.3%. Current collision probability
methods increase the limits of integration in this manner to simplify
the problem, because the integral of the position error probability
density along the velocity vector is unity.

Once the integration along the velocity direction is performed,
the problem reduces to evaluating the integral of the relative-error
probability density over the projection of the combined hard-body
volume to a plane perpendicular to the relative velocity vector re-
ferred to as the encounter plane.>~* Because the encounter plane
can be defined by position and velocity at any point on the linear
relative trajectory, one need not propagate the vehicles to the point
of closest approach. One need only propagate the vehicles to the
region of linearity as illustrated by point A in the upper portion of
Fig. 1. The region of linearity depends on the relative encounter ve-
locity but must be larger than the three-sigmapositionerror ellipsoid
discussed earlier.

A coordinate rotation in the encounter plane serves to diagonal-
ize the two-dimensional error covariance matrix. A scale change
symmetrizes the probability density. The probability density is then
integrated in the radial direction, which reduces the problem to that
of evaluating a one-dimensional contour integral about the hard-
body area in the encounter plane. The contour integration method
has already been applied to calculating the collision probability for
asymmetric space vehicles® and space tethers

The linear relative motion region might be smaller than the en-
counter region for very low relative velocity, as illustrated in the
lower portion of Fig. 1. Even if one propagates to the point of clos-
est approach and applies current methods, an incorrect collision
probability will be obtained.

The correct value of collision probability for low relative velocity
requires a numerical integration of the probability density through
the volume swept out by the combined hard body of the space ve-
hicles. This integration is complicated by the changing orientation
of the hard body and combined position-errorellipsoid throughout
the encounter. In addition, integration limits on this volume integral
complicate the problem.

The method presented in this work provides exact solutions for
cases involvinglinearrelative motion. For cases involvingnonlinear
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Fig. 1 Linear and nonlinear encounter trajectories.

relative motion, this method provides solutions differing by only a
few percentfrom exactsolutions. This accuracyis sufficientto quan-
tify the collision risk. The problem is addressed by transforming to
a scaled coordinate frame in which the combined-error covariance
matrix is symmetric in three dimensions. In the scaled frame the di-
mension parallel to the relative velocity vector decouples from the
other two dimensions, thereby permitting inclusion of time depen-
dence in collision probability parameters. Thus, the method is valid
for cases where the relative velocity varies throughoutthe encounter
region.

Nonlinear Collision Probability Prediction

The general formulation for nonlinear relative motion requires
the ability to compute the instantaneousrate of collision probability
for a series of time points spanning the encounter. The position,
velocity,and position-errorcovariancematrix for each space vehicle
are propagatedto each time point. The instantaneousrate of collision
probability for each time pointis calculated. The total probability of
collisionovera specified time is obtained by integratingthe collision
rate over the appropriate time interval.

The instantaneouscollision probability is obtained by transform-
ing the problem into a scaled space, where the relative position-
error probability density is symmetric in three dimensions. One
must transform the relative position-error covariance matrix, the
associated position and velocity vectors, as well as the combined
hard-body volume to the scaled space.

The local coordinate frame for each space vehicleis defined with
the x axis directed in the forward horizontal direction, the z axis
directed toward nadir, and the y axis completing the right-handed
system. The transformationsfrom local to inertial frame are given by
P, and P,, respectively. The respective covariance matrices, which
are defined in the local frame, are transformed to the inertial frame
in the usual manner:

Cl/=P1ClPFl (D
Cy = P,C, P! )

Because the positionerrors are assumed to be uncorrelated, the error
covariance matrices are added to obtain the relative position error
covariance matrix in inertial space:
Cr=Cy; +Cy (3)
The transformation from the inertial frame to the frame in which
Cr is diagonal is given by Q:
o(1)? 0 0
Cra=0CrQ7'=| 0 02 0 )
0 0 o(3)?
Anothertransformationis made by scalingany two axes to match the
third, thus symmetrizing the probability density. This scaling trans-

formation makes the position-error probability density symmetric
in three dimensions:

1 0 0
o(l)
s=" 7 ° 5)
o(l)
0 ETE))

The relative-error covariance matrix in the scaled frame is found in
the usual manner:

o(1)? 0 0
Crs = SCryS™! = 0 o(1)? 0 (6)
0 0 o(1)?
The relative position and velocity in the inertial frame are given by
X=r,—n 7
V=u,—u, )

The relative position and velocity vectors are transformed from the
inertial frame to the scaled frame:

X; =S0X )
Vs =SQV (10)

Each time incrementhas an associatedencounterframe. The relative
position and velocity vectors in the scaled frame are used to define
the transformationto the encounterframe, which has its z axis paral-
lel to the relative velocity vector. The x axis of the encounterframe is
orthogonal to the z axis and is directed toward vehicle number one
located at the origin. Because the transformation from the scaled
frame to the encounter frame W is an orthogonal transformation
and the relative-error covariance is symmetric, the error covariance
remains unchanged in the encounter frame:

Cre = WCrsW™! = Cyg (11

The hard-body volume, which is assumed centered about space
vehicle number two, is transformed to the inertial frame and then
to the scaled frame. The hard-body volume is then projected to the
encounter plane, which is the x-y plane in the encounter frame.

Any point f; within the hard-body volume can be transformed to
the encounter frame by the transformation U, which is given by

fe=WSOPf, =Uf; 12)



730 PATERA

Becausethe probabilitydensity is symmetric, the probability density
along each axis is decoupled from the other axes in the encounter
frame. The cumulative collision probability is given by

@24y +22)
PR = (h)*ﬂa(l)*/// [ 20 (1) }d’“dyd‘

(13)
where the limits of integration are defined by the volume swept
out by the hard body in the encounter frame. Because z is in the
direction of relative velocity, it is convenient to transform to cylin-
drical coordinates with the z axis aligned with the cylinder axis. The
cumulative collision probability becomes

PR = (h)*ﬂa(l)* /// [20(1)2}

—r2
X exp [m}r drdodz (14)

The integrationalong the z axis is made in incremental steps assum-
ing that probability density, hard-bodyarea, and relative velocity are
constant over each time step. For each increment the » integration
can be performed immediately, yielding

1 A —z2 1
! {\/2710(1) /A eXp[Za(l)Z} }(271)
2
x%_ {1—exp[FrI)2“de (15)
perimeter

where the closed-path contour is about the perimeter of the hard-
body area in the encounter plane. Thus, one has a finite number of
cylindrical volumes, each with an associated collision probability. If
the relative velocity and relative-error covariance are constant, the
cylindrical increments can be combined to form a single cylinder
extending from minus infinity to plus infinity. The integration of this
infinite cylinderin Eq. (15) (bracketed term) is equal to one, and the
cumulative collision probability is given by

1 —r?
PRc = P % . 1 —exp 300 dé (16)
perimeter

Equation (16) is equivalent the method developed in Ref. 5. The
expression in the exponential term of Eq. (16) has a simpler form
than the equivalent expression in Ref. 5. Equation (16) is used in
evaluating collision probability for cases involving linear relative
motion.

If the relative velocity or the relative-error covariance changes,
one should first obtain the incremental collision probability given
in Eq. (15), which can be written as

PR, — Az —z2 L
T\ Ve TP Lo ]\ 2n
2
x% . {1 —exp[za(rI)Z:| do (17)
perimeter

Equation (16) can be used in Eq. (17) to obtain

Az [ —z2
PR, = PR 18
' ey P _20(1)2} ¢ (19

Both Az and o (1) are permitted to change during the encounter but
are considered constant for each individual volume increment. The
symmetrization process ensures that o (2) and o (3) change with
o ().

Because the velocity direction changes from cylindrical incre-
ment to cylindrical increment, there are overlaps and gaps between
adjacent cylinders. Volumes associated with the overlaps and gaps

are exactly equal. Thus, if the probability density remains constant
overeachincremental volume the probabilitiesassociatedwith over-
laps and gaps are equal. In this manner the gaps and overlaps com-
pensate so that no net erroris introduced. However, if the probability
density changes throughouteach incremental volume some error is
introduced. This error is small as long as the hard body is signif-
icantly smaller than the position-error ellipsoid, which is usually
the case. This assertion is supported by a numerical study presented
in the Numerical Results section, which found a collision proba-
bility error of only 2% for a hard-body radius equal to 30% of the
one-sigma position uncertainty.

The collision probabilityrate can be obtained by dividing Eq. (18)
by the time increment associated with Az:

Az 1 72
PRR(t)z(a(l)At)(@) p[z (UZ]PRC (19

If the increments are made sufficiently small, Az/ At can be approx-
imated with the velocity along the z axis, V. Thus,

V. 1 —z2
PRR(t) = [T])}(@) exp[20(1)2:|PRC (20)

The collision probabilityrate is evaluated for a set of times spanning
the encounter. The collision probability rates are integrated over the
time of interest to obtain the total collision probability associated
with the time interval from | to t,:

12
PR:/ PR (1) dt 1)
1

The time duration associated with Eq. (20) dependson the dynamics
of each particular encounter. The number of steps required is found
in the usual manner by simply increasing the number of steps until
the resulting probability does not vary appreciably with increasing
number of steps. It will be shown that severalhundredtime steps over
the encounter duration provide sufficient accuracy for computing
collision probability.

If a trajectory is highly nonlinear, the hard body can sweep
through a volume of space at one time and return to sweep through
the same space again. Thus, in implementing Eq. (21) one must
consider the volume being swept out by the hard body as it moves
along its nonlinear trajectory and ensure that the volume is swept
out only once. Extreme cases where the relative velocity direction
changes enough to cause the same volume to be swept out more
than once will be treated in a future work and will not be considered
here.

Nevertheless, Eq. (21) works well for most nonlinear space vehi-
cle encounters. Such encounters typically sweep through regions of
significant spatial probability density only once and involve com-
bined hard-body sizes that are significantly less than the associated
standard deviations of relative position uncertainty. For typical en-
counters simulated test cases indicate that only a few percent error
in computed collision probability result.

Numerical Integration About Contour

The cross-track contour integration over the hard-body region is
performed for each incremental time step. The shape of the contour
and the value of the integral can change for each increment because
of changes in relative velocity, probability density, etc.

The following computationis performed for each time increment.
Space vehicle number one is located at the origin of the encounter
frame, which is also the center of the relative position-error prob-
ability density. The location of space vehicle number two is found
by transforming its relative displacement from vehicle one to the
encounter plane. The hard-body volume is centered on the space
vehicle number two. Points defining the shape of the hard-body vol-
ume are transformed to the encounter plane. These points are used
in the evaluation of the contour integral, as shown in Fig. 2. The
points are enumerated sequentially in a counterclockwise direction
about the perimeter.
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Fig. 2 Contour integration path in symmetrized encounter plane.

The angle between the two adjacent vectors X; and X; , |, is given
by df;. By noting its relationship to the cross product between the
two vectors, df; can be obtained from

1Xi x X; 1] = IXi|1X; 4 1] sin(d6;) (22)

After rearranging Eq. (22), one finds

46 = sin~! X x Xii1l (23)
' [X: [1X; 111

If the total number of points used in completing one circuit about
the contour is n, then X, | is X;.
The exponential term in the ith integrand is evaluated as

_(XI2 +Xi2+l)

4o (1)? (24)

int; = exp

The integral is evaluated by summing values of the integrand times
d6; for each pair of points around the contour:

Z int,- d@, (25)

i=1

sum =

Once one complete cycle about the ellipse is made, the cumulative
probability is given by Eq. (16) as

—Ssum

PR, = (262)
21
PR, =120 (26b)
21

where the origin is excluded from the hard-body regionin Eq. (26a)
and included in the hard-body region in Eq. (26b).

Numerical Results

A simulation was developedto test the accuracy of the methodol-
ogy. A case involving two objectsin low Earth orbit having constant
relative velocity throughout the encounter was examined. Relative
separation distance, collision probability assuming linear relative
motion, and nonlinear collision probability are plotted as functions
of time in Fig. 3. Because the relative velocity is constant, the linear
assumptionis valid and gives the correct collision probability at all
times throughout the encounter. The nonlinear collision probabil-
ity is zero until the relative position enters the region of significant
probability density, which is defined by the three-sigma position-
error ellipsoid. As the encounter progresses, the collision probabil-
ity increases until the relative position is again beyond the region
of significant probability. At the end of the encounter, the nonlin-
ear collision probability equals the linear collision probability, as it
must. Notice that the region of highest probability density is not at
the point of closest approach between the two objects. This result,
although counterintuitive,is correct and is caused by the orientation
andeccentricityof the combined position-errorellipsoid. In this case
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Fig. 3 Comparison of linear and nonlinear collision probability for a
linear relative motion encounter.

Fig. 4 Circular relative
motion trajectory test case.

the largest ellipsoid axis is oriented in roughly the same direction
as but not exactly parallel to the relative trajectory. This situation
results in the trajectory penetrating the three-sigma ellipsoid at a
point past the closest approach point.

A case with continuously varying velocity was chosen to stress
the nonlinear collision probability algorithm. A circular trajectory
was chosenbecausethe exactcollisionprobability could be obtained
easily. A sphericalhard-bodyradius and a spherically symmetric po-
sition error distribution were assumed to simplify the computation.
The spherical hard body carves out a toroidal volume as the vehicle
orbits the origin in the relative motion frame. The standard devia-
tion of the relative position uncertainty was set equal to the radius
of the orbit. The collision probability was found for one orbit about
the torus for various sizes of the spherical hard body. Figure 4 il-
lustrates the parameters for the toroidal volume. The exact collision
probability is given by

2 /2 —(R?>+r? " RA/r2 — x2
p=—y/—exp & / sinh o dx (27)
oV m 20?2 0 o?

where R is the radius of the torus and r is the radius of its cross
sectional as illustrated in Fig. 4. A comparison of collision proba-
bilities for various values of r/o was obtained by varying r with
both R and o equal to one. It was found via simulation that the
error depends on the ratio of /o and is nearly independent of R.
For example, when sigma equals one and r equals 0.3 the error for
cases of R equaling one and three are 2.2 and 2.14%, respectively.
Thus, the results shown in Fig. 5 are independentof R and indicate
that for /o equal to one-half of sigma the error is only 6%.

A study was conducted to determine how the number of incre-
mental steps affects the computed value of collision probability. For
a value of r /o of 0.3, the number of steps was varied from 2 to 300.
A plot of the resulting collision probability is illustrated in Fig. 6.
The correct value of the collision probabilityis also shown in Fig. 6.
As the number of steps increases, the solution does not converge to
the exact solution. For /o = 0.3 there is a residual error of about
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Fig. 7 Relative trajectory for several values of semimajor axis.

2% as indicated in Fig. 6. As stated earlier, this error arises because
of the unmodeled change in velocity direction during each time in-
crement. Figure 6 indicates that the collision probability calculation
does not require a large number of steps.

A realistic relative motion trajectory was created by positioning
two space vehicles in the same circular orbit. The first vehicle was
placed at the origin, whereas the second was displaced 1 km in track.
A small radial velocity increment was imparted to the second ve-
hicle so that it would circle the first at the orbital frequency. The
velocity was varied to change the size of the semimajor axis of the
elliptical trajectory in the relative motion frame. For small radial
velocity increments the semiminor axis is one-half of the semima-
jor axis. Figure 7 illustrates several such elliptical trajectories. The
standard deviation of the combined position error was also 1 km.
The hard-body radius was 0.05 km. Figure 8 illustrates the change
in collision probability vs the size of the semimajor axis. As the
semimajor axis increases, the encounter becomes closer to that of
a higher velocity linear encounter. The probability of a linear en-
counter was found from Eq. (16) to be 0.000754 as shown in Fig. 8.
The collision probability peaks for semimajor axis of about 1.5 km.
For smaller values of semimajor axis, the associated collision prob-
ability decreasesto less than that of the linear trajectory as indicated
in Fig. 8.
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Fig. 8 Collision probability as a function of semimajor axis.
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Fig. 9 Relative trajectory for a nonlinear encounter.
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Fig. 10 Collision probability and probability rate for the test case de-
picted in Fig. 9.

Another example of realistic relative orbital motion was exam-
ined by placing a vehicle in a 400-n mile circular orbit. A second
vehicle was placed 1 km above the first and given a small velocity
incrementin a direction opposite to the orbital velocity. The result-
ing relative motion is depicted in Fig. 9. The period and semimajor
axis of the second vehicle are less than that of the first. The relative
velocity direction changes dramatically throughout the encounter.
The standard deviation of the relative position error was 1 km, and
the hard-bodyradius was 0.05 km. Figure 10 illustrates the collision
probability as a function of time throughoutthe encounter. The tra-
jectory begins and ends in regions of very low position probability
density to ensure that the entire encounteris captured. The collision
probability rate, which peaks at the closest approach distance, is
also presented in Fig. 10. As expected, the total collision probabil-
ity was found to be 0.001164, which is greater than that of the linear
trajectory, which was only 0.000754.

The encounter between two geosynchronous satellites with a
combined hard-body radius of 100 m was examined and results
plotted in Fig. 11. There is a daily cyclic variation in separation
distance, which is typical of neighboring geosynchronoussatellites.
For a period of one day, Keplerian motion is sufficient to model this
variation in separationdistance for purposes of computing collision
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Fig. 11 Comparison of linear and nonlinear collision probability for
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Fig. 12 Comparison of collision probability results for the nonlinear
model and a 6000-run Monte Carlo simulation.

probability. The motion is determined by the initial conditions of
the two satellites. The linear collision probability obtained using
Eq. (16) exhibits large fluctuations as a function of time, indicating
that the relative motion is nonlinear. The nonlinear collision prob-
ability is well behaved. It increases during each passage through
significant probability density near each local minimum separation
distance. Thus for collision probability to be meaningful, the asso-
ciated time duration should be specified. For each particular case
Eq. (21) should be used to calculate collision probability produc-
ing a plot similar to Fig. 11. The time duration of interest can be
determined by examining the resulting figure.

The accuracy of the nonlinear model was determined by compar-
ison with a Monte Carlo simulation for the case depictedin Fig. 11.
In the Monte Carlo simulation initial positions were determined
by the position-error covariance of each satellite. The closest ap-
proach distance for each Monte Carlo case was found via trajectory
propagation. A collision resulted if the closest approach distance
was less than the combined hard-body distance. In this manner a
collision probability vs hard-body size was found. Probabilities for
small hard-body sizes were found via extrapolation based on the
known linear relationship between collision probability and hard-
body cross-sectional area.

The collision probability associated with time duration from
40,000 to 120,000 s in Fig. 11 was computed using the nonlinear

model and a Monte Carlo simulation of 6000 runs. The hard-body
radius was varied from 0 to 100 m. The nonlinear model produced
collision probabilities about 2% greater than those of the Monte
Carlo simulation, as illustrated in Fig. 12. However, the nonlinear
model required only a very small fraction of the computational ef-
fort required of the Monte Carlo simulation. The nonlinear model
required only a few seconds, whereas the Monte Carlo simulation
required several hours to compute collision probability. Figure 12
also shows results of a linear simulation using vehicle state vectors
at 80,000 s.

Conclusions

A general method for calculating the collision probability for
nonlinear relative motion was developed. The method is applicable
to changing error covariance matrices and changing relative veloc-
ity. Both collision probability and collision probability rate were
obtained as functions of time. When the relative velocity or error
covariance matrix changes over time, then the instantaneousrate of
collisionprobability must be integrated over the time span of interest
to obtain the total collision probability. The method is also appli-
cable if the relative velocity and error covariance matrices remain
constant.

A computer program was developed to implement the technique.
The validity of the method was examined by comparing results to
a case with known collision probability. The error introduced by
changing relative velocity direction was only 6% when the hard-
body size was 50% of the position-error standard deviation.

The method was used on other casesinvolvingrealisticorbitalmo-
tion. The validity of the method was also confirmed using the non-
linear encounter between two geosynchronous satellites and com-
paringresults with those generated via Monte Carlo simulation. The
nonlinear model results differed by only 2% from results obtained
using 6000 Monte Carlo runs. This illustrates that the method is
applicable to nonlinear relative motion trajectories that might be
encountered in actual space vehicle operations.

This methodology is particularly useful for geostationary space-
craft, where low-velocity nonlinearencountersare more apt to occur
because of the high concentration of spacecraftin similar orbits.
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